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Let f, denote the Fibonacci number given by:

fo=0

hH=1

fao=fn1+ faoforn>1

Theorem 6¢. f,i1fn_1 — f2 = (=1)" for all positive integers n.
Let P(n) denote the proposition to be proven. We see that P(1) is equivalent to the following:
fofo— fi = (=)
1.0-1*=-1
1=-1

which is clearly true.
Now we shall show that P(k) — P(k+ 1). P(k+ 1) is equivalent to the following;:

frrafr — f1§+1 = (—1)k+1
fraafe = frpr = —(=1)F
for = Frrafi = (-=1)k

And by definition we have fri2 = fr+1 + fr so that P(k + 1) is furthermore equivalent to:

frvr = (Fosr + fe) fe = (1)F
fror(frr = fu) = f7 = (1)

Now, fr+1 — fx = fx—1 follows from the definition, hence P(k + 1) is furthermore equivalent to:
ferrfor— i = (-1)F

which is equivalent to P(k). Therefore P(k) — P(k +1).
This combined with the truth of P(1) shown previously shows that by mathematical induction P(n) is
true for all positive integers n. QED
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Let f, denote the Fibonacci number given by:

fo=0
=1
fao=fo1+ faoforn>1
Theorem 6d. fifs+ fofs+ - -+ fon—1fon = f3, for all positive integers n.
Let P(n) denote the proposition to be proven, that is:

2n—1

> fifin=£3,

i=1

We see that P(1) is true, since the following are equivalent:

1
Y fifir =13
i=1

fifo =13
1-1=12

Now we shall show that P(k) — P(k + 1). First we note that P(k + 1) is equivalent to the following:

2(k+1)—1
> fifirn = By
i—1

2k—1

(Z fifiv1) + forfort1 + forg1 forye = féz(k+1)

i=1

so that assuming P(k) were true would allow us to replace the sum, so that P(k + 1) would be equivalent to
the following:
fi + Forforsr + forsr fors = foern)

FokFord1 + Fort1 forto = Fopqn — For
Forr1(for + fort2) = foryo — for

and since fog4+1 = fog+2 — for, follows from the definition, P(k + 1) is furthermore equivalent to:
(Fort2 — for) (forto + for) = fonio — fon
which is clearly true.

Therefore since P(k) — P(k+1) and P(1) is true, the principle of mathematical induction allows us to
conclude that P(n) is true for all positive integers n. QED
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Problem 12b. Find the value of Ackerman’s function at A(3,3).

Let the notation A,,(n) represent A(m,n). Then, restricting ourselves to when n > 1, we have

An(l)=2
Ao(n) =2n
An(n)=(An-10A4,)(n—1)forn>1and m >0

Therefore, by n — 1 recursive applications of the definition for A,,(n), we have

Am(n) = (Amfl ° Amfl 0---0 Amfl ° Am)(]-)
= (Am—l 0oAy_10---0 Am—l)(2)

where A,,_1 appears n — 1 times.

Consequently, A;(n) equals the multiplication of n occurences of 2, or simply 2". By using the notation
2 1 n to represent multiplication of n occurences of 2, we shall then be able to write A2(n) as 2 11 n meaning
21(21...(272)...) in which the number 2 has appeared n times. Taking this a step further, we see that
A, (n) can be written as 2 71 --- 1 n in which there are m occurences of the symbol 1.

Now, we evaluate A3(3) as follows:

A5(3) = 21113
=211 (2112)
=211 (212)
=214
=21 (21(212)
=21(214)
=2116
= 65536

Problem 12c. Find the value of Ackerman’s function at A(3,4).

As(4) =21114
=211 (211 2 112))
=211 (211 (212))
=211 (2114)
=211 (21(21(212))
=211 (21 (214)
=211 (2116)
= 211 65536

~ o~~~

2

It is fruitless to expand this last result, which is equivalent to the expression 22 in which the numeral 2
appears 65536 times.
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Let (z;,y:), 1 =1,2,3,4,5 be five distinct points with integer coefficients in the zy plane.

Theorem 9. There must be two of these points which have the property that the line interval joining them
has a midpoint which has integer coefficients.

Any two pairs (z,ys) and (xp, yp) have a midpoint with integer coefficients if and only if
T —2p =0 (mod 2) and y, —yp =0 (mod 2)
which is equivalent to the following:
xqe =xp (mod 2) and y, =y, (mod 2)

Now, we can classify all pairs (z;,y;) among four distinct and mutually exclusive groups:

;=0 (mod 2) and y; =0 (mod 2)
z; =1 (mod2)and y; =0 (mod 2)
;=0 (mod2)andy; =1 (mod 2)
z; =1 (mod2)and y; =1 (mod 2)

so that any two members of the same group will have a midpoint with integer coefficients.

Therefore, by choosing 5 pairs we insure that, according to the pigeonhole principle, at least 2 pairs will
belong to the same group (since 5 is one more than the number of groups) and hence will have a midpoint
with integer coefficients. QED



