
Answers to Starred ProblemsSheet 4MATH 3314Dr. BakerDavid Joseph StithLet fn denote the Fibona

i number given by:f0 = 0f1 = 1fn = fn�1 + fn�2 for n > 1Theorem 6
. fn+1fn�1 � f2n = (�1)n for all positive integers n.Let P (n) denote the proposition to be proven. We see that P (1) is equivalent to the following:f2f0 � f21 = (�1)11 � 0� 12 = �1�1 = �1whi
h is 
learly true.Now we shall show that P (k)! P (k + 1). P (k + 1) is equivalent to the following:fk+2fk � f2k+1 = (�1)k+1fk+2fk � f2k+1 = �(�1)kf2k+1 � fk+2fk = (�1)kAnd by de�nition we have fk+2 = fk+1 + fk so that P (k + 1) is furthermore equivalent to:f2k+1 � (fk+1 + fk)fk = (�1)kfk+1(fk+1 � fk)� f2k = (�1)kNow, fk+1 � fk = fk�1 follows from the de�nition, hen
e P (k + 1) is furthermore equivalent to:fk+1fk�1 � f2k = (�1)kwhi
h is equivalent to P (k). Therefore P (k)! P (k + 1).This 
ombined with the truth of P (1) shown previously shows that by mathemati
al indu
tion P (n) istrue for all positive integers n. QED
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Dr. Baker Sheet 4 Answers to Starred Problems David Joseph StithLet fn denote the Fibona

i number given by:f0 = 0f1 = 1fn = fn�1 + fn�2 for n > 1Theorem 6d. f1f2 + f2f3 + � � �+ f2n�1f2n = f22n for all positive integers n.Let P (n) denote the proposition to be proven, that is:2n�1Xi=1 fifi+1 = f22nWe see that P (1) is true, sin
e the following are equivalent:1Xi=1 fifi+1 = f22f1f2 = f221 � 1 = 12Now we shall show that P (k)! P (k + 1). First we note that P (k + 1) is equivalent to the following:2(k+1)�1Xi=1 fifi+1 = f22(k+1)(2k�1Xi=1 fifi+1) + f2kf2k+1 + f2k+1f2k+2 = f22(k+1)so that assuming P (k) were true would allow us to repla
e the sum, so that P (k+1) would be equivalent tothe following: f22k + f2kf2k+1 + f2k+1f2k+2 = f22(k+1)f2kf2k+1 + f2k+1f2k+2 = f22k+2 � f22kf2k+1(f2k + f2k+2) = f22k+2 � f22kand sin
e f2k+1 = f2k+2 � f2k follows from the de�nition, P (k + 1) is furthermore equivalent to:(f2k+2 � f2k)(f2k+2 + f2k) = f22k+2 � f22kwhi
h is 
learly true.Therefore sin
e P (k)! P (k+1) and P (1) is true, the prin
iple of mathemati
al indu
tion allows us to
on
lude that P (n) is true for all positive integers n. QED
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Dr. Baker Sheet 4 Answers to Starred Problems David Joseph StithProblem 12b. Find the value of A
kerman's fun
tion at A(3; 3).Let the notation Am(n) represent A(m;n). Then, restri
ting ourselves to when n � 1, we haveAm(1) = 2A0(n) = 2nAm(n) = (Am�1 ÆAm)(n� 1) for n > 1 and m > 0Therefore, by n� 1 re
ursive appli
ations of the de�nition for Am(n), we haveAm(n) = (Am�1 ÆAm�1 Æ � � � ÆAm�1 ÆAm)(1)= (Am�1 ÆAm�1 Æ � � � ÆAm�1)(2)where Am�1 appears n� 1 times.Consequently, A1(n) equals the multipli
ation of n o

uren
es of 2, or simply 2n. By using the notation2 " n to represent multipli
ation of n o

uren
es of 2, we shall then be able to write A2(n) as 2 "" n meaning2 " (2 " : : : (2 " 2) : : :) in whi
h the number 2 has appeared n times. Taking this a step further, we see thatAm(n) 
an be written as 2 "" � � � " n in whi
h there are m o

uren
es of the symbol ".Now, we evaluate A3(3) as follows: A3(3) = 2 """ 3= 2 "" (2 "" 2)= 2 "" (2 " 2)= 2 "" 4= 2 " (2 " (2 " 2))= 2 " (2 " 4))= 2 " 16= 65536Problem 12
. Find the value of A
kerman's fun
tion at A(3; 4).A3(4) = 2 """ 4= 2 "" (2 "" (2 "" 2))= 2 "" (2 "" (2 " 2))= 2 "" (2 "" 4)= 2 "" (2 " (2 " (2 " 2)))= 2 "" (2 " (2 " 4))= 2 "" (2 " 16)= 2 "" 65536It is fruitless to expand this last result, whi
h is equivalent to the expression 222���2 in whi
h the numeral 2appears 65536 times.
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Answers to Starred ProblemsSheet 5MATH 3314Dr. BakerDavid Joseph StithLet (xi; yi), i = 1; 2; 3; 4; 5 be �ve distin
t points with integer 
oeÆ
ients in the xy plane.Theorem 9. There must be two of these points whi
h have the property that the line interval joining themhas a midpoint whi
h has integer 
oeÆ
ients.Any two pairs (xa; ya) and (xb; yb) have a midpoint with integer 
oeÆ
ients if and only ifxa � xb = 0 (mod 2) and ya � yb = 0 (mod 2)whi
h is equivalent to the following:xa = xb (mod 2) and ya = yb (mod 2)Now, we 
an 
lassify all pairs (xi; yi) among four distin
t and mutually ex
lusive groups:8><>:xi = 0 (mod 2) and yi = 0 (mod 2)xi = 1 (mod 2) and yi = 0 (mod 2)xi = 0 (mod 2) and yi = 1 (mod 2)xi = 1 (mod 2) and yi = 1 (mod 2)so that any two members of the same group will have a midpoint with integer 
oeÆ
ients.Therefore, by 
hoosing 5 pairs we insure that, a

ording to the pigeonhole prin
iple, at least 2 pairs willbelong to the same group (sin
e 5 is one more than the number of groups) and hen
e will have a midpointwith integer 
oeÆ
ients. QED
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