Calculus Exercises

Exercise. Find % when y = sin®(mt — 2).

We have, y = sin?(nt — 2) = [sin(rt — 2)]?, so that:

W _ g (sin(nt — 20" L (singrt — 2)) since Y (w) = a1 L
o = 2 (sin(wt — 2)) p” (sin(mt — 2)) since o (u™) = nu u

Lt —2)| since (£ ) = [/ (9)lg
[Here f = cos and ¢(t) = nt — 2]

= 2sin(wt — 2) cos(mt — 2) - 7

= msin(2nt — 4) since sin(26) = 2(sin 6)(cos )

= 2sin(nt — 2) |cos(mt — 2)

Exercise. Find y” when y = § cot(3z — 1).

We have,
14 1 since <y = & (L
V=50 [cot(3x — 1)] since . (ku) =k e for constant k
1 2 d : / / /
= esc?3r— 1) L3z —1)| since (fog)’ = [f'(9)]g
9 dz
[Here f = cot and g(x) = 3z — 1]
= —% csc?(3r — 1) -3
1
=—3 csc? (3w — 1)
Then,
d d 1
nm_ =0 2 o
yi=oy = ( 5 CsC (3z 1))
=3 5 (csc®(3z — 1))
1 1 d , d 4 ( d
3 { (csc(3x — 1)) - (csc(3x ))} since —— (u") = nu (da:u)

= —§ csc(3x — 1) [— csc(3x — 1) cot(3z — 1) - %(356 — 1)} since (fog) = [f'(9)]lg’

[Here f = csc and g(z) = 3z — 1]
2
=3 csc?(3x — 1) cot(3z — 1) - 3
= 2csc?(3z — 1) cot(3x — 1)



Exercise. Use implicit differentiation to find %

(3zy +7)* = 6y

d 9 d
~ Iz [((Bzy +7)%] = r [6y]

d od Ay,
:>d [((Bzy +7) }—6y since dx(y)_da:_y

= 23wy +7)*- i(333 +7) = 6y’ since i(u") = nu"! i

Y do YT e~ dx
d d d d d
= 2(3zy +7) {%(&vy) + %(7)] = 6y’ since %(u-l- v (d— ) + (@U)
= 2(3zy +7) {Bdi( y) + 0} = 6y’
d d d
since %(k u) =u (EU) and %(k) =0, for constant k
d d d d d

= 2(3zy+7) |3 (x%(y) +y%(aj))] = 6y’ since %(uv) =u < o ) +v < o )

d d
= 6(3zy + 7)(zy’ +y) = 6y since %(y) =y  and %(1‘) =1
— Bry+7)(xy +y) =/

And now we need use only algebra to solve for y’:

— 32%yy’ + 3xy® + Tay + Ty =4/

= 32%yy’ + Tay —y = —3xy® — Ty

— (3z%y + T2z — 1)y = —3xy® — Ty
—3xy® — Ty

3x2y 4+ Tx — 1

:}y,:



m™ T

Exercise. Verify that the point (7, %) is on the curve xsin2y = ycos2x and find the
lines that are tangent and normal to this curve at this point.

When (z,y) = (%, %), we have xsin2y = 7 sin27 = 0 and ycos2x = 5 cos2] = 0,
and therefore z sin 2y = y cos2x is satisfied. Therefore the point (7, 5) is indeed on this
curve.

To find an equation for the tangent line at this point, we need its slope, which is
simply the value of " when (z,y) = (§, 5). Implicitly differentiating the equation for the

curve, we get,
d , d
T [z sin2y] = T [y cos 2]
d d d
(x)=1y- o —(cos 2x) + (cos 2x) - —(y)

) dr dz
ance L) = () ( )

d
— . %(sin 2y) + (sin2y) =y - - (Cos 21) + (cos 2z)y’

d
=T — (sin 2y) + (sin2y) -

. d d, .
since %( x) =1 and %( y) =1y

— [(COS 2y) - C%(Qy) + (sin2y) =y [(— sin 2x) - %(233)] + (cos 2z)y’
since (f 0 9)" = [f'(g)l¢’

= x(cos 2y) [2 . dii:(y) + (sin2y) = —y(sin2z) [2 : %(w)} + (cos 2x)y’

dx
= 2x(cos 2y)y’ + (sin2y) = —2y(sin 2z) + (cos 2z)y’

since i(k:u) =k (dii:u) for constant k

since dii:(y) =y  and %(aj) =1

~—

Therefore at (z,y) = (7, 5) we have,

e = () () + ()
2 (0082 )y +(81n22) 2(2 sm24 + C0824 Y

/N
e

— —(-1)y+0=—-7+0
— T
R = —7T
2y
, 2
™

T

so that the tangent line at this point is y — 5 = 2 (x — Z)' And the normal is simply

perpendicular to the tangent, therefore its equation is y — 5 = —% (aj — %)



