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We will make use of the following three theorems in the proofs that follow:
2.2 Theorem. Every �nitely generated abelian group G is (isomorphic to) a �nite direct
sum of cyclic groups, each of which is either in�nite or of order a power of a prime.
2.3 Lemma. If m is a positive integer and m = pn11 pn22 � � � pntt (p1; : : : ; pt distinct primes
and each ni > 0), then Zm �= Zpn11 � Zpn22 � � � � � Zpntt .
2.5 Lemma. Let G be an abelian group, m an integer and p a prime integer. Then
(i) mG = fmu ju 2 Gg is a subgroup of G.
(v) pmZpn �= Zpn�m (m < n).
Theorem. If G is �nite abelian of order n, then G has a subgroup of order m for each
integer m that divides n.

Suppose G is �nite abelian of order n and mjn. We know by Theorem 2.2 that
G �=

tX
i=1

Zpkii for primes pi and positive integer powers ki. Then since

n = jGj =
�����

tX
i=1

Zpkii
����� =

tY
i=1
���Zpkii

��� =
tY

i=1
pkii

we have that m can be expressed as m =
tY

i=1
psii where 0 � si � ki for every i.

Now let A =
tX

i=1
Zpsii so that jAj = m. We will show that A is isomorphic to a

subgroup of G and hence G has a subgroup of order m. By Lemma 2.5 (i) and (v) we have
that for each i,

Zpsii �= pki�siZpkii < Zpkii
Therefore

A =
tX

i=1
Zpsii �=

tX
i=1

pki�siZpkii <
tX

i=1
Zpkii = G

Therefore �����
tX

i=1
pki�siZpkii

����� = jAj = m

so that G has a subgroup of order m.
Therefore if G is �nite abelian of order n, then G has a subgroup of order m for each

integer m that divides n. Q.E.D.
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Theorem. If m is a square-free integer (m is not divisible by the square of any prime
number), then every abelian group of order m is cyclic.

Let G be an abelian group of order m where m is not divisible by the square of any
prime number. We need to show that G is cyclic.

We know that m =Qti=1 pnii for distinct primes pi and positive integers ni. But if any
ni > 1 then p2i jm which contradicts m being a square-free integer. Therefore m =Qti=1 pi.Then by Theorem 2.2, G �= Pti=1 Zpi since the prime factorization of m is unique, and
hence by Lemma 2.3, G �= Zm. Therefore G is cyclic.

Therefore if m is a square-free integer, then every abelian group of order m is cyclic.
Q.E.D.
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