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We will make use of the following three theorems in the proofs that follow:

2.2 Theorem. Every finitely generated abelian group G is (isomorphic to) a finite direct
sum of cyclic groups, each of which is either infinite or of order a power of a prime.

2.3 Lemma. Ifm is a positive integer and m = p{*py* ---p;"* (p1,...,p; distinct primes
and each n; > 0), then Z,, = Zp;q &) Zp;lz o---P Zprt.

2.5 Lemma. Let G be an abelian group, m an integer and p a prime integer. Then

(i) mG = {mu|u € G} is a subgroup of G.

(v) p"lpn = Lpn—m (M < n).

Theorem. If GG is finite abelian of order n, then G has a subgroup of order m for each

integer m that divides n.

Suppose G is finite abelian of order n and m|n. We know by Theorem 2.2 that
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G = Z Zp;?i for primes p; and positive integer powers k;. Then since
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we have that m can be expressed as m = pr where 0 < s; < k; for every 1.
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Now let A = ZZps_z- so that |A| = m. We will show that A is isomorphic to a
i=1
subgroup of G and hence G has a subgroup of order m. By Lemma 2.5 (i) and (v) we have
that for each 1,
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so that G has a subgroup of order m.
Therefore if GG is finite abelian of order n, then GG has a subgroup of order m for each
integer m that divides n. Q.E.D.



Theorem. If m is a square-free integer (m is not divisible by the square of any prime
number), then every abelian group of order m is cyclic.

Let G be an abelian group of order m where m is not divisible by the square of any
prime number. We need to show that G is cyclic.

We know that m = H§:1 p;* for distinct primes p; and positive integers n;. But if any
n; > 1 then p?|m which contradicts m being a square-free integer. Therefore m = Hle Di-
Then by Theorem 2.2, G = Z;;l Z,, since the prime factorization of m is unique, and
hence by Lemma 2.3, G = Z,,. Therefore G is cyclic.

Therefore if m is a square-free integer, then every abelian group of order m is cyclic.
Q.E.D.



