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In the exercises that follow, we will use the following previously established results:
2.4.5 Corollary. Ift > 0, there exists ny € N such that 0 < 1/n; < t.

3.6.4 Theorem. Let (x,) and (y,) be two sequences of real numbers and suppose that
Tn < yp for allm € N.

(a) Iflim(z,) = +oo, then lim(y,) = +oo.

(b) Iflim(y,) = —oo, then lim(x,) = —occ.

Page 88, Number 1. Exercise. Give examples of properly divergent sequences (z,)
and (y,) with y # 0 for all n € N such that

(a) (zn/yn) is convergent.

Let z, := n and ¥y, := n. Then we know (x,,) and (y,) are properly divergent with
lim(z,) = lim(y,) = +o0, but x,,/y, = n/n = 1 so that (z,/y,) is a constant sequence
which therefore converges.

(b) (xn/yn) is properly divergent.

Let x, := n? and y, = n. Then we know (y,) is properly divergent, and () is
shown to be properly divergent by Theorem 3.6.4 since x,, > vy, for all n € N. Then
Tn/Yn = n?/n =n =y, so that (x,/y,) is properly divergent as well.

Page 88, Number 3. Exercise. Show that if z,, > 0 for all n € N, then lim(z,) = 0 if
and only if lim(1/z,) = +oo.

Suppose that z,, > 0 for all n € N. We need to show both of the following:

(i) lim(z,) = 0= lim(1/z,) = +o0.

(ii) lim(1/x,) = 400 = lim(z,) = 0.

We proceed as follows:

(i) Suppose lim(z,) = 0. We need to show that for every a € R, 3K («) such that
n > K(a) = 1/x,, > a. But for any @ <= 0 we have z,, > 0 = 1/2,, > 0 >= «
for all n. Hence we need only to find K(«) for every o > 0. Suppose a > 0 and let
e = 1/a. Then 3K(€) such that |x,| < € so that

|zn| < e =z, <€
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Therefore for every a > 0 we can choose K(a) = Ky(1/a) so that n > K(a) =
1/, > . Therefore lim(1/z,,) = +oc.
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(ii) Suppose lim(1/z,) = +o0o. We need to show that for every € > 0, there exists a Ky(e)
such that Vn > Kg(€), |z,| < € for all n > Ky(e). We know that for every o > 0,
JK () such that n > K(a) = 1/z, > «. Then since z,, > 0 we have

1 1 1
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Therefore by Corollary 2.4.5, for every ¢ > 0 we can choose an « such that é < € and
then let Ky(e) = K(a) so that for all n > Ky(e),

1
|z, < — < e
(0%

Hence lim(z,,) =0
Q.E.D.

Page 88, Number 5. Exercise. Is the sequence (nsinn) properly divergent?

No, the sequence (nsinn) is not properly divergent. Let z,, = msinn. For every
k € N, dn > K such that sinn > 0 and thus z,, > 0 and I3m > K such that sinm < 0
and thus x,, < 0. Therefore for any o > 0 there does not exist a K(«) € N such that
n > K(a) = z, > « and likewise for any 5 < 0 there does not exist a K () € N such
that n > K(f) = =z, < 0.

Therefore (x,,) is not properly divergent. Q.E.D.



