Real Analysis: Chapter 3.2
David Joseph Stith

In the exercises that follow, we will use the following previously established results:
3.1.6d Example. If0 < b < 1, then lim (™) =0

3.1.11d Example. lim (n%> =1

3.2.3a Theorem. Let X = (z,) andY = (y,) be sequences of real numbers that converge
to ¢ and y, respectively, and let x € R. Then the sequences X +Y, X —Y, X -Y, and
cX converge to x +vy, x — vy, xy, and cx, respectively.

3.2.3b Theorem. If X = (x,,) converges to x and Z = (z,,) is a sequence of nonzero real
numbers that converges to z and if z # 0, then the quotient sequence X/Z converges to

3.2.7 Squeeze Theorem. Suppose that X = (z,,), Y = (yn), and Z = (z,) are sequences
of real numbers such that

Tn < yn <2z, foralln e N,
and that lim(x,,) = lim(z,). Then Y = (y,) is convergent and

lim(z,,) = lim(y,) = lim(z,)

3.2.9 Theorem. Let the sequence X = (x,) converge to x. Then the sequence (|x,|) of
absolute values converges to |z|.

3.2.10 Theorem. Let X = (z,,) be a sequence of real numbers that converges to x and
suppose that x,, > 0. Then the sequence (w/xn) of positive square roots converges and

lim (\/z,) = V.
Page 67, Number 1. Exercise. For x, given by the following formulas, establish either
the convergence or the divergence of the sequence X = ().
n
n+1

We will show that lim(z,,) = 1 using Theorems 3.2.3a and 3.2.3b.
We have,

(a) =z, :=

n 1
;Cn g g
n+l 141
And we know lim(1) = 1 and lim (1) = 0.
Therefore
1 lim(1) 1
() ]m<1+%) lim(1) +lim (1)  1+0

Q.E.D.
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(=D)"n
b n =
(b) z ]
We will show that (z,,) diverges. To do this we will show that lim(x,,) does not exist.
Suppose to the contrary that lim(z,,) does exist. Then let a = lim(z,,) and let € = 3. Then

by our supposition that lim(z,,) exists, there would exist a natural number K (¢) such that
for all n > K(e),

|z, —al <€

Then,
Tp—al <e=la—z,| <e€
|, e
T 1|2
IO G s
— a —
2 n+1 2
SN )
_— a/ p—
2 n+1 2 n+1
1 1
so that for some even x > n, —5 + 35 < a and for some odd y > n, a < 5 — # But
1 1
r>1=2xr>z+1—= > — = —— + >0=—a>0
rz+1 2 2 x+1
And
sl sy+l— Y4 st ol v
Y v=u y+1 2 2 y+1

Hence by the Trichotomy property a cannot exist. Therefore lim(x,,) does not exist.
Therefore (z,,) diverges.

77,2

n+1

We will show that (z,) diverges. To do this, we will show that (x,,) is not bounded.
Then, we know for any sequence of real numbers that if the sequence converges then the
sequence is bounded. Hence the contrapositive of this statement is true, namely that if
the sequence is not bounded then the sequence diverges.

Now, for any n € N we have

(c) =z, :=

0>-1=n?2>n>-1

—n?>n+1)(n—1)
2
>n-—1

—
n+1

—z,>n-—1

Therefore for any proposed bound M for (z,), we know there exists a natural number
n > M + 1 so that M <n—1 < z, and hence M cannot be a bound for (x,,). Therefore
Zp, is not bounded. Therefore (x,,) diverges.
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2n’ +3
d ni=——
(d) =z U

We will show that lim(z,,) = 2 using Theorems 3.2.3a and 3.2.3b.
We have,

2n?+3 24+ 5%

;[;n = =
n?4+1 1+
_2+43(5)(3)
T+ (1)(E)
And we know that lim(c) = ¢ for any constant ¢, and lim(1/n) = 0.

Therefore by recursive application of Theorems 3.2.3a and 3.2.3b we have

lim(2) 4 31lim () lim (+)

n n

lim(z,,) = lim(1) + lim () Tim (1)
_2430)0) _
- 1+(0)(0)

Q.E.D.

Page 67, Number 2. Exercise. Give an example of two divergent sequences X and Y
such that
(a) their sum X +Y converges.

Let X = (1,-1,1,-1,...).
Let Y = (-1,1,—-1,1,...).
Then it is easy to see that X and Y both diverge, yet

X +Y =(0,0,0,0,...)
converges to 0.
(b) their product XY converges.
The X and Y given above both diverge, yet
XY =(-1,-1,-1,—-1,...)
converges to —1.

Page 67, Number 3. Exercise. Show that if X and Y are sequences such that X and
X +Y are convergent, then Y is convergent.

Suppose X = (z,) and Y = (y,) are sequences and that X and X +Y are convergent.
Then by Theorem 3.2.3 we know that (X +Y) — X is convergent. Then,

(X+Y)—X = (0 +yn) —n)

= (Yn)
=Y

Hence Y is convergent. Q.E.D.
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Page 67, Number 5. Exercise. Show that the following sequences are not convergent.

(a) (2")

To show that (2™) is not convergent, we will show that it is not bounded. Then, we
know for any sequence of real numbers that if the sequence converges then the sequence is
bounded. Hence the contrapositive of this statement is true, namely that if the sequence
is not bounded then the sequence is not convergent.

To show that (2") is not bounded, we will use mathematical induction to show that
for any m € N there exists an n € N such that 2" > m. Clearly, when m = 1, 2! > m.
Now suppose that for some k£ € N, there exists an ny such that 2™ > k. Then we consider
whether there exists an nyy; such that 2"++1 > k + 1. We know that 2% > k 4 1 since
2™ > k. If 2" > k 4+ 1 then simply let ng11 = ng. Otherwise, 2" = k 4+ 1 so that
nkg+1 = ng + 1 suffices to make 2"++1 = 2(k + 1) > k + 1. Hence the existence of ny
such that 2™ > k implies the existence of ng41 such that 2"+t > k + 1. Therefore by
mathematical induction, for any m € N there exists an n € N such that 2" > m.

Therefore (2") is not bounded. Therefore (2") is not convergent.

(b) ((~1)"n?)

To show that ((—1)”n2) is not convergent, we will show that it is not bounded. Then,
as we have seen earlier, it follows that the sequence cannot converge.

We know that the set of natural numbers is not bounded. Therefore, since 2n > n
for all n € N, the set of even natural numbers is not bounded. Then, since n? > n and
(—=1)™ = 1 for all n in the set of even natural numbers, consequently (—1)"n? > n so
that {((—1)"n?) : n is even} is not bounded. Therefore, since every element of this set is
contained in the sequence ((—1)”712), consequently this sequence is not bounded.

Therefore ((—1)"n?) is not convergent. Q.E.D.

Page 67, Number 7. Exercise. If (b,) is a bounded sequence and lim(a,,) = 0, show
that lim(ay,b,) = 0. Explain why Theorem 3.2.3 cannot be used.

Suppose (by,) is a bounded sequence and (ay,) is a convergent sequence with lim(a,,) =
0. We need to show that lim(a,b,) = 0. To do this we will show that for any e > 0, there
exists a natural number K (€) such that for all n > K(e),

lanby| < €

Since (by,) is bounded, we know there exists an M such that |b,| < M for all n € N.
Then,
|bn| < M = |b,| < |M| since M < |M|

= |an||ba] < |an||M]
= |anby| < |anM|

And since lim(a,) = 0, we know there exists a K(e/|M]) such that for all n >
K(e/|M]),

€
Up| < ——
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Then, |a,||M| < € and therefore |a, M| < e. Therefore |a,b,| < |a,M| < €. Therefore
lim(anb,) = 0. Q.E.D.

We could not use Theorem 3.2.3 because we do not know that (b,,) is convergent.

Page 67, Number 9. Exercise. Let y, := v/n+1 — /n for n € N. Show that (y,)
and (\/nyy) converge. Find their limits.

First we will show that lim(y,) = 0 and hence that (y,) converges.

We have,

yn:\/ﬁ_\/H
(Vnt+1-vn) (Vn+1+/n)
vn+1+yn
 (n+1)—n
VT4 vn
1

T Vntl+n

_ 1w
vn+1/yn+1

_ V1n
V1i+1/n+1

We know that lim(1) = 1 and lim(1/n) = 0. Therefore by recursive application of
Theorems 3.2.3a, 3.2.3b, and 3.2.10,

Therefore (y,,) converges to 0.
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Next we will show that lim (y/ny,) = 1/2 and hence that /ny,, converges.

We have,
\/ﬁyn:\/ﬁ\/n—-l-l—n
(VBT n) (VT4 n)
N \/m—i—n
_n*+n—n?

V2P fn+n
n

V2 fn+n
1

\/nz—i—n +1
1
g

B 1

V1+1+1

We know that lim(1) = 1 and lim(1/n) = 0. Therefore by recursive application of Theorems
3.2.3a, 3.2.3b, and 3.2.10,

. 1
tim (Vogn) = 5577
1

2
Therefore (y/ny,) converges to =. Q.E.D.

Page 67, Number 10. Exercise. Determine the following limits:
(a) lim ((wﬁ)%)

We will show that lim ( (3y/)* ) = 1. To do this we will show that lim (3%7) = 1
and that lim (nﬁ) = 1. Then, since

N|=

1 1 1
)27L e 32n - Nn4n

(8Vn)®r = 3% (n
it will follow from Theorem 3.2.3a that

lim ((3\/5)%> = lim (3%> lim <nﬁ> =1-1=1

To show that lim <3%> = 1, we will show that for every e > 0 there exists a natural
number K (¢€) such that for all n > K (e),

3%—1‘<e

6
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By the Archimedean property, there exists K (e) > log,; v/3 for which

n>log, 1 V3= (e+1)" > V3 sincee+1>1

1

3=

= [(e+1)"]™ > [3%} " since L>0

— e+4+1>3%
:>e>3ﬁ—1

— € >

1 .
32_n—1‘ Slnce%>0:>3% >0

Therefore

37 — 1‘ < € for all n > K (e) and hence lim(S%) = 1.

It remains to show that lim(nﬁ) = 1. To do this, we will use the Squeeze Theorem.

First note that since n > 0,

3=

1
—n’ <nin <n

S

1
0<n<i4n —=0< —<
4n

We know that lim(n°) = lim(1) = 1 and we know that lim(n=) = 1 by Example 3.1.11d.
Hence it follows from the Squeeze Theorem that lim(nw) = 1. (Note that a proof that

lim (3%> = 1 using the Squeeze theorem is also possible since for n > 3, 3° < 3m <
nm < n%.)

Therefore lim ((3\/5) %> =1. Q.E.D.

(b) lim ((n + 1)@)

We will show that lim ((n n 1)—1,1(:“)) —e.

Let z = (n+1) D

Then
r=(n-+ 1)@ = 0+ — 1
= In(n+1)In(z) =In(n+ 1)
= In(z) =1
— r =€
Therefore lim ((n + 1)1n(nl+1>) =lim(e) =€ Q.E.D.
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an+1 + bn+1
Page 67, Number 11. Exercise. If 0 < a < b, determine lim (T)
an n
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n+1 bn—|—1
We will show that lim (L> — b

a™ + b
We have,
anJrl + anrl an+1 bn+1
a™ + bn _a”+b”+a”+b"
a b
= +
14+0"/a™  a™/b" +1
a ()" b
e®

(5)"+1 (§)"+1

Then, since 0 < a/b < 1, we know that lim ((a/b)™) = 0 by Example 3.1.6d.
Therefore by recursive application of Theorems 3.2.3a and 3.2.3b we have

n+1 n+1 a n
lim <¢) = lim a(f) + ,lz
T O +1 " B+

Q.E.D.

Page 67, Number 13. Exercise. Use the Squeeze Theorem 3.2.7 to determine the

limits of the following:

@ (%)

We will show that lim (nn_12> = 1.

First note that since n > 0,

0§n§n2:>0§i§

3 —=n’ <nw? <n
n

S|

We know that lim(n°) = lim(1) = 1 and we know that lim(n=) = 1 by Example 3.1.11d.
Hence it follows from the Squeeze Theorem that lim(nnl_Q) =1 Q.E.D.
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Page 68, Number 21. Exercise. Suppose that (x,) is a convergent sequence and (y,)
is such that for any € > 0 there exists M such that |z, — y,| < € for all n > M. Does it
follow that (y,) is convergent?

Yes. We will show that it does indeed follow that (y,,) is convergent. To do this, we
will show that lim(y,) = lim(zy,).
Let a = lim(z,,) and let € > 0. We will show that there exists a natural number K (e)
such that for all n > K(e),
lyn — al <€

and hence that lim(y,) = a.
Now, since lim(z,,) = a, we know that for %e, M, exists such that

1
|z, —al < € for all n > M,.
Furthermore, by what is given we know that for %e, M, exists such that
1
|Tn — yn| < € for all n > M,,.

Therefore |y, — x| < 3e for all n > M,
Hence for all n > sup(M,, M,),

1 1
|yn_$n|+|l’n—a|<§€+§€

Therefore by the Triangle Inequality,
Y — &n + 25 —a| < |yp — Tp| + |25 —a| <€

so that by choosing K (€) = sup(M,, M,), we have |y, — a| < € for all n > K(e) and
hence that lim(y,,) = a = lim(z,,).
Therefore (y,,) is convergent. Q.E.D.

Page 68, Number 22. Exercise. Show that if (z,,) and (y,,) are convergent sequences,
then the sequences (u,) and (v,) defined by u,, := max{z,,y,} and v, := min{x,,y,}
are also convergent.

Suppose that (x,) and (y,) are convergent sequences. Let w, := max{x,,y,} =
%(a:n +Yn + |Tn +yn|). Similarly, let v, := min{z,,y,} = %(mn +Yn — |Tn + ynl|). We need
to show that (u,) and (v,) are convergent.

Now, since (x,,) and (y,) converge, by Theorem 3.2.3a we know that (x,, + y,) con-
verges. Therefore by Theorem 3.2.9 we know that |(z, + y,)| converges. Therefore by
recursive application of Theorem 3.2.3a we know that %(xn +Yn +|Tn +yn|) converges and
that 3 (2, 4+ yn — |Tn + yn|) converges. Therefore (u,) and (v,) are convergent. Q.E.D.



