Real Analysis: Chapter 3.1
David Joseph Stith

Page 59, Number 1. Exercise. The sequence (x,,) is defined by the following formulas
for the n*" term. Write the first five terms in each case:

(@) zp:=1+(-1)"

(z,,) = (0,2,0,2,0,...)

(—1)"
b) z, =
(b) = ~
1 11 1
n) — _17_7__7_7__7
() ( . )
1
(©) @n= 00D
(2y) = 111 1 1
)= \26°12°20°30"
1
d) z,:=
(d) @ n? +2

@y (L1111
)= \3 611718 27"

Page 59, Number 2. Exercise. The first few terms of a sequence (x,,) are given below.
Assuming that the “natural pattern” indicated by these terms persists, give a formula for

the nt" term x,,.

(a) (5,7,9,11,...,3+2n,...)

(c) 2 3 4 n
c — ==
7374757 ’n+1’

N =
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Page 59, Number 3. Exercise. List the first five terms of the following inductively
defined sequences.

() y1:=2, Yng1:= %(yn +2/yn)

) = 3 17 577 665857
Yn) =\ © 2 127 308 470832"

(d) s1:=3, s2:=5, Spi2:=8n+ Sn+1

(sn) = (3,5,8,13,21,...)

Page 60, Number 5. Exercise. Use the definition of the limit of a sequence to establish
the following limits.

(b) lim (nzfl) =2

Let (z,,) := <n2—4?1) We need to show that lim(x,,) = 2. To do this, we will show that

for every € > 0 there exists a natural number K (¢) such that for all n > K (e),

|z, — 2| <€

Suppose € > 0. We have,

|xn — 2| = 2‘

Hence by choosing K (€) > 2 (which we may do by the Archimedean Property), we
have

2 2
n>—-—ne>2—¢¢>—
€ n

Therefore, for all n > K(¢), |z, — 2| < e. Therefore lim(z,) = 2. Q.E.D.
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n®—1 1
d) li .
() Hn(2n2+3) 2

Let z,, := <%_+13) We need to show that lim(z,,) = 3. To do this, we will show that

for every € > 0 there exists a natural number K (€) such that for all n > K(e),

1
xn—§‘<e
We have,
1 n®—1 1
xn‘§|: w3 2
_ 2n% —2—2n%>—-3
B 4n? + 6 ’
B -5
~ 4n2 46
B 5
C 4n2 +6
5 5
S n

Hence by choosing K (€) > 2, we have

5 5
n>—-—ne>5—¢> —
€ n

Therefore, for all n > K(e), |z, — 3| < e. Therefore lim(z,) = 1. Q.E.D.
Page 60, Number 6. Exercise. Show that:
(a) lim ( ! ) 0
Vn+7
Let (z,) := \/nl—” We need to show that lim(x,,) = 0. To do this, we will show that

there exists a natural number K (¢) such that for all n > K(e),
|z, | < €

Suppose € > 0. We have,

1

Tnl =

[zl ‘\/n+7‘
1
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Hence by choosing K (¢) > =, we have

1 1
n> 5= e > =e> =
\/_
Therefore, for all n > K (¢), |:1:n\ < €. Therefore lim(z,,) =

@ () o

Q.E.D.

Let (z,) = T:i_l We need to show that lim(z,) = 0. To do this, we will show that

there exists a natural number K (¢) such that for all n > K(e),

Suppose € > 0. We have,

Hence by choosing K (¢) > %, we have

1 1
n>—:>e >—:>e>—

vﬂ

Therefore, for all n > K(¢), |x,| < €. Therefore lim(z,, Q.E.D.

Page 60, Number 8. Exercise. Prove that lim(z,) =0 <= lim(|z,|) = 0. Give an
example to show that the convergence of (|x,|) need not imply the convergence of (x,,).

We need to show both that lim(z,) = 0 = lim(|z,|) = 0 and that lim(|z,|) =
lim(z,) = 0.

Suppose that lim(z,) = 0. Then for every € > 0, there exists a natural number K (e)
such that for all n > K(e), |z, — 0| < e. Then,

|20 = O = |&n| = |[zn|| = [[2n] = O]

so that ||z, | — 0] < e. Therefore lim(|x,|) = 0. Therefore lim(z,) = 0 = lim(|z,|) = 0.
Conversely, suppose that lim(|x,|) = 0. Then for every € > 0, there exists a natural
number K (€) such that for all n > K(e), ||z,| — 0] < €. Then,

|zn| = O] = [[zn]] = |2n| = |2n — 0]

so that |z, — 0| < e. Therefore lim(z,,) = 0. Therefore lim(|z,|) = 0 = lim(z,,) = 0.
Therefore lim(z,) =0 <= lim(|z,|) = 0. Q.E.D.
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Page 60, Number 10. Exercise. Prove that if lim(x,) = = and if x > 0, then there
exists a natural number M such that x,, > 0 for all n > M.

Suppose that lim(z,) = x and > 0. Then for every € > 0 there exists a natural
number K (€) such that for all n > K(¢), |z, — z| < e. Hence

—e<xTy —xT<E€
= —ectar <z, <e€e+x

Therefore when ¢ = x, which occurs since x > 0, then —e + ¢ < x,, so that 0 < x,,.
Hence we have that M = K(x) exists such that z, > 0 for all n > M. Q.E.D.

Page 60, Number 13. Exercise. Let b € R satisfy 0 < b < 1. Show that lim(nb™) = 0.

Suppose b € R such that 0 < b < 1. We need to show that lim(nb") = 0. To do
this we will show that for all ¢ > 0 there exists a natural number K (e) such that for all
n > K(e),

|nb"™| < e

Suppose € > 0. We have |nb™| = nb™ since n and b are both positive. Now b may be

expressed as lia for some a > 0 so that

n n

nb" = =
(I+a)" 14na+in(n—1)a®+---

when n > 1. Therefore,

nb" < 5 n = 2
sn(n—1)a?  (n—1)a?

so that by choosing K (e) > -3- + 1, we have

2 2
—tl=n—-1> = > —
" CL2€+ " a’e ‘ (n—1)a?

Hence |nb"| < e.
Therefore lim(nb™) = 0. Q.E.D.
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Page 60, Number 14. Exercise. Show that lim ((2n)%> = 1.

Suppose that € > 0. We need to show that there exists a natural number K(¢) such
that for all n > K(e),

‘(Qn)% — 1‘ <e
To do this, we will let & = (2n)% — 1 and show that k < . We have,
k=(@2n)7 —1=k+1=2n)"
= (k+1)" =2n
:anl—knk—i—%n(n—l)kQ—k--- forn > 1

1
= 2n > §n(n — 1)k?

:47”2]{;2
n(n — 1)

= > k2

n—1

So that by choosing K (€) > ;% + 1, we have

4 4
n>—2+1:>n—1>—2
€ €

= e > since n > 1
n p—
— * >k
== e>k
Therefore k < e. Therefore ’(Qn)% — 1‘ < €. Therefore lim ((271)%> = 1. Q.E.D.

Page 60, Number 15. Exercise. Show that lim(n?/n!) = 0.

Suppose that € > 0. We need to show that there exists a natural number K (e) such
that for all n > K (e),

n2
—| <e€
n!
We have,
nl n* n (n—1)+1
n| n! (n—=1! (n-—1)
pol o1 L1 hen n > 1
= = when n
m=1! (n=1)! n-=-2)! (n-1)
1 1 2
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So that by choosing K (€) > 2 4 2, we have

2 2 2
n>-+2=—n-—-2>-—¢>
€ € n—

2
Therefore %

< €. Therefore lim (Z—T) =0. Q.E.D.



