Real Analysis: Chapter 1.2
David Joseph Stith

Page 15, Number 2. Exercise. Prove that 13 + 2% + .. +n3 = [In(n + 1)]? for all
n € N.

Let P(n) be the statement 1% 4+ 23 + ... + n3 = [In(n + 1)]2. We need to show that
P(n) is true for all n € N. To do this, we shall use the principle of mathematical induction.
Hence, we will show that P(1) is true and that P(k) — P(k + 1) for any k € N.

Now, P(1) is true since P(1) < 1> =[3(1+1)]* = 1.

Suppose P(k) is true for some k € N. Then,

Pk) = 1>+2°+-- 4+ k= Ek(k+1)1
k:(k:+1)} + (k+1)°

(3 )+k+1

k+1} (k* + 4k + 4)

:>13+23+---+k3+(k+1)3:{
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= (k+1)?

{ (k+1)( k:+2)]
= P(k+1)

Therefore P(k) — P(k +1).

Therefore, according to the principle of mathematical induction, since P( YA (P(k) —
P(k+1)), consequently P(n) is true for all n € N. Therefore 13+23+.--+n3 = [In(n+1)]?
for all n € N. Q.E.D.
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Page 16, Number 6. Exercise. Prove that n® + 5n is divisible by 6 for all n € N.

Let f(n) = n® + 5n and let P(n) be the statement 6|f(n). We need to prove that
P(n) is true for all n € N. To do this, we shall use mathematical induction. Hence, we
will show that P(1) is true and that P(k) — P(k + 1) for any k € N.

Now, P(1) is true since P(1) <= 6|13 + 5.

Suppose P(k) is true for some k € N. Then 6|f(k). Now let z = f(k+ 1) — f(k) so
that P(k+1) < 6|f(k) + z. Hence we have that if 6|z then P(k + 1) is true. Solving

for x:
z=fk+1) = fk)
= (k+1)°+5(k+1) — (kK + 5k)
=k®+3k>+3k+1+5k+5— k> — 5k
= 3k* +3k+6
= 3k(k+1)+6
Either k or k 4 1 must be divisible by 2, consequently 6|3k(k + 1) and so 6|z. Therefore
P(k +1) is true. Therefore P(k) — P(k + 1).
Therefore, according to the principle of mathematical induction, since P(1) A (P(k) —

P(k+ 1)), consequently P(n) is true for all n € N. Therefore n® + 5n is divisible by 6 for
all n € N. Q.E.D.

Page 16, Number 7. Exercise. Prove that 5°" — 1 is divisible by 8 for all n € N.
Let P(n) be the statement 852" —1. We need to prove that P(n) is true for all n € N.

To do this, we shall use mathematical induction. Hence, we will show that P(1) is true
and that P(k) — P(k + 1) for any k € N.
Now, P(1) is true since P(1) <= 8|52 —1 < 8|24.
Suppose P(k) is true for some k € N. Then,
P(k) = 8|5% -1
— 5" =1 (mod 8)
— 5252 =52 (mod 8)
— 52**2 =1 (mod 8)
— 52+ =1 (mod 8)
— 8|52+ _
— P(k+1)
Therefore P(k) — P(k+1).
Therefore, according to the principle of mathematical induction, since P(1) A (P(k) —

P(k + 1)), consequently P(n) is true for all n € N. Therefore 52" — 1 is divisible by 8 for
all n € N. Q.E.D.
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Page 16, Number 11. Exercise. Conjecture a formula for the sum of the first n odd
natural numbers 1 + 3 + --- 4+ (2n — 1) and prove your formula by using Mathematical
Induction.

Let P(n) be the statement 143+ -+ (2n—1) = n?. We will show that P(n) is true
for all n € N. To do this, we shall use mathematical induction. Hence, we will show that
P(1) is true and that P(k) — P(k +1) for any k € N.

Now, P(1) is true since P(1) < 1=12.

Suppose P(k) is true for some k € N. Then,

Pk) = 1+4+3+---+(2k—1)=k?
= 14+3++ k-1 +2k+1) =k +2k+1)=(k+1)?
= P(k+1)

Therefore P(k) — P(k+1).

Therefore, according to the principle of mathematical induction, since P(1) A (P(k) —
P(k + 1)), consequently P(n) is true for all n € N. Therefore 1 +3 +---+ (2n — 1) = n?
for all n € N. Q.E.D.

Page 16, Number 14. Exercise. Prove that 2" < n! for alln > 4, n € N.

Let P(n) be the statement 2" < n! We will show that P(n) is true for all n > 4,
n € N. To do this, we shall use mathematical induction. Hence, we will show that P(4) is
true and that P(k) — P(k+ 1) for any k > 4, k € N.

Now, P(4) is true since P(4) <= 2% < 4! «— 16 < 24.

Suppose P(k) is true for some k > 4, k € N. Then,

P(k) = 2 < k!
— 282 < (k) (k+1)since2 < k+1for k>4
— 2" < (k4 1)!
— P(k+1)

Therefore P(k) — P(k+1).

Therefore, according to the principle of mathematical induction, since P(4) A (P(k) —
P(k+1)), consequently P(n) is true for all n > 4, n € N. Therefore 2" < n! for all n > 4,
n e N. Q.E.D.
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Page 16, Number 18. Exercise. Prove that 1/v/1+1/v/2+ -4 1/\/n > \/n for all
n € N.

Let P(n) be the statement 1/v/141/v/2+---+1/y/n > /n. We will show that P(n)
is true for all n € N. To do this, we shall use mathematical induction. Hence, we will
show that P(1) is true and that P(k) — P(k + 1) for any k € N.

Now, P(1) is true since P(1) <= 1/v/1> /1.

Suppose P(k) is true for some k& € N. Then,

P(k:):>%+%+~-+\/i%2\/%
1 1 1 1 VEVE+1+1
= Ft ottt _]H > VE+ == —
S VRVERL Rt e
VE+1  VE+1
= P(k+1)

Therefore P(k) — P(k+1).
Therefore, according to the principle of mathematical induction, since P(1) A (P(k) —
P(k+1)), consequently P(n) is true for all n € N. Therefore 1/\/_+ 1/V2+---+1/y/n >

v/n for all n € N. Q.E.D.



