Example. A subgroup of a group exists in which more than one but less than all of the left cosets of the
subgroup coincide with right cosets of the same subgroup.

Consider Dy, the Dihedral group of degree 4, that is the group generated by elements a and b such that
la| = 4, |b| =2, and ba = a~b.
The Cayley table for Dy is:

* 1]ala®|a®]| b |abla®blab
1 1]ala?|a®] b |abla®bla®b
a a la®|a®]| 1 |abla®bla®b| b
a® a?|a®] 1] a |a®bla®b| b | ab
a [a®| 1] ala®|a®b] b |abla®b
b b [a3bla®blab| 1 [a3|a?| a
ab Vab| b [a®0]a?b] a | 1 [a®]a?
a®bla®b|ab| b [ab]a®] a | 1 [da®
a®bla’bla®blab| b |a®|a? | a | 1

Let Lx and Rx be the sets of left and right cosets, respectively, of a subgroup X of Dy. We will

show that 1 < |[Lx N Rx| < [D4: X] when X € {(b), (ab), (a®b), (a®b)}. To do this, we will show that this
inequality holds when X = (a*b) for any integer k > 0.

First note that ba* = a=%b for all integer k& > 0, since when k¥ = 0 we have the trivial case b = b,
and if ba* = a~*b holds for some k > 0 then ba**! = baa® = a~ba* = ata=*b = a=*TYb  so that by
mathematical induction it holds for all k& > 0.

Now suppose X = (a*b) for some integer & > 0. Then since (a*b)? = a*ba*b = a*a=%bb = b? = 1, we
have X = {a*b,1}.

For left cosets we have,

Xa = {a*ba,a} = {a*a7'b,a} = {a*a3b,a} = {a"T3b, a}
Xa? = {a*ba?,a®} = {a*a"2b,a} = {a"a®b,a?} = {a"%b,a?}
Xa® = {a*ba®,a®} = {a"a73b,a} = {a*ab, a®} = {a" 11, a3}

so that Lx = {X, {a**3b,a}, {a"*2b,a%}, {a"T1b,a}}.
And for right cosets,

aX = {ad*b,a} = {a"1b,a}
a’X = {a?a*b,a®} = {a*%b,a?}
a*X = {a®a"b,a®} = {a"T3b,a?}
so that Ry = {X, {a**1b,a}, {a**2b,a%}, {a*3b,a3}}.
Hence Lx N Rx = {X,{a*"2b,a%}} so that 1 <|Lx N Rx| <4 =[Dys: X].



