
Example. A subgroup of a group exists in which more than one but less than all of the left cosets of the

subgroup coincide with right cosets of the same subgroup.

Consider D4, the Dihedral group of degree 4, that is the group generated by elements a and b such that
|a| = 4, |b| = 2, and ba = a−1b.

The Cayley table for D4 is:

∗ 1 a a2 a3 b ab a2b a3b

1 1 a a2 a3 b ab a2b a3b

a a a2 a3 1 ab a2b a3b b

a2 a2 a3 1 a a2b a3b b ab

a3 a3 1 a a2 a3b b ab a2b

b b a3b a2b ab 1 a3 a2 a

ab ab b a3b a2b a 1 a3 a2

a2b a2b ab b a3b a2 a 1 a3

a3b a3b a2b ab b a3 a2 a 1

Let LX and RX be the sets of left and right cosets, respectively, of a subgroup X of D4. We will
show that 1 < |LX ∩ RX | < [D4 : X] when X ∈

{

〈b〉, 〈ab〉, 〈a2b〉, 〈a3b〉
}

. To do this, we will show that this
inequality holds when X = 〈akb〉 for any integer k ≥ 0.

First note that bak = a−kb for all integer k ≥ 0, since when k = 0 we have the trivial case b = b,
and if bak = a−kb holds for some k ≥ 0 then bak+1 = baak = a−1bak = a−1a−kb = a−(k+1)b so that by
mathematical induction it holds for all k ≥ 0.

Now suppose X = 〈akb〉 for some integer k ≥ 0. Then since (akb)2 = akbakb = aka−kbb = b2 = 1, we
have X = {akb, 1}.

For left cosets we have,

Xa = {akba, a} = {aka−1b, a} = {aka3b, a} = {ak+3b, a}

Xa2 = {akba2, a2} = {aka−2b, a} = {aka2b, a2} = {ak+2b, a2}

Xa3 = {akba3, a3} = {aka−3b, a} = {akab, a3} = {ak+1b, a3}

so that LX =
{

X, {ak+3b, a}, {ak+2b, a2}, {ak+1b, a3}
}

.
And for right cosets,

aX = {aakb, a} = {ak+1b, a}

a2X = {a2akb, a2} = {ak+2b, a2}

a3X = {a3akb, a3} = {ak+3b, a3}

so that RX =
{

X, {ak+1b, a}, {ak+2b, a2}, {ak+3b, a3}
}

.

Hence LX ∩ RX =
{

X, {ak+2b, a2}
}

so that 1 < |LX ∩ RX | < 4 = [D4 : X].
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