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2.7 Problem. Prove that if a: S — T, then co1g = o and v o o = «.

Suppose that
a:S—T,
ts: S — S, VreS(ts(x)==x)
tp 2T — T, VYreT(r(z)=urx)

We need to show that awotg = a and 17 o « = . To do this, we will show that Vax € S,
(aotg)(z) = a(x) and (17 o a)(z) = a(z).
For the first of these, we have

(@ois)(z) = alus(z)) = a(z)

Therefore (a0 tg)(z) = a(x).
For the second, we have

(tr 0 a)(x) = ir(a(z)) = a(z)

Therefore (17 o a)(z) = a(z).
Therefore v otg = a and 17 oax = a.. Q.E.D.

2.27 Problem. Assume that o : S — T and 0 : T — U. Use Theorems 2.1 and 2.2 to
prove each of the following statements.

(a) If a and (B are invertible, then (3 o « is invertible.

Suppose « and 3 are invertible. We need to show that o « is invertible. To do this,
we will use Theorem 2.1 and Theorem 2.2 as follows:

By Theorem 2.2, since « is invertible, therefore o is both one-to-one and onto. Like-
wise, since (3 is invertible, therefore 3 is both one-to-one and onto.

Then, by Theorem 2.1(c), since a and  are one-to-one, therefore (3 o «v is one-to-one.
Also, by Theorem 2.1(a), since o and 3 are onto, therefore 3 o « is onto.

So, by Theorem 2.2, since foa is both one-to-one and onto, therefore Fo« is invertible.

Therefore, if o and 3 are invertible, then 3 o « is invertible. Q.E.D.

(b) If B o« is invertible, then (3 is onto and « is one-to-one.

Suppose (3 o « is invertible. We need to show that  is onto and « is one-to-one. To
do this, we will use Theorem 2.1 and Theorem 2.2 as follows:

By Theorem 2.2, since 3 o « is invertible, therefore 3 o v is both one-to-one and onto.

Then, by Theorem 2.1(b), since 3 o « is onto, therefore [ is onto.

And, by Theorem 2.1(d), since 3 o « is one-to-one, therefore « is one-to-one.

Therefore, if 3 o « is invertible, then (3 is onto and « is one-to-one. Q.E.D.



