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19.17 Problem. Prove that if G is a cyclic group of order n, then G ∼= Zn.

Suppose G is a cyclic group of order n. Then G = 〈a〉 for some a ∈ G. Therefore G =
{a0 = e, a1, a2, . . . , an−1}. We need to show that there exists an isomorphism θ : G → Zn.
To do this we will show that the mapping θ defined by θ(ax) = [x] is an isomorphism by
showing that both of the following are true:
(i) θ is well-defined, one-to-one, and onto.
(ii) θ(pq) = θ(p) ⊕ θ(q) for all p, q ∈ G.

We proceed as follows.
Suppose p, q ∈ G. Then p = ak1 and q = ak2 for some k1, k2 ∈ Z.

(i) To show that θ is well-defined we will show that p = q =⇒ θ(p) = θ(q). Conversely,
we will show that θ is one-to-one by showing that θ(p) = θ(q) =⇒ p = q using the
following bidirectional conditionals:

θ(p) = θ(q) ⇐⇒ θ(ak1) = θ(ak2)

⇐⇒ [k1] = [k2]

⇐⇒ n | k1 − k2

⇐⇒ ak1−k2 = e since the order of a is n

⇐⇒ ak1a−k2 = e

⇐⇒ ak1 = ak2

⇐⇒ p = q

Therefore θ is well-defined and one-to-one. To see that θ is onto, simply note that for
any [x] ∈ Zn, ax exists in G and θ(ax) = [x] by our definition of θ.

(ii) It remains only to show that θ(pq) = θ(p) ⊕ θ(q). We have,

θ(pq) = θ(ak1ak2)

= θ(ak1+k2)

= [k1 + k2]

= [k1] ⊕ [k2]

= θ(ak1) ⊕ θ(ak2)

= θ(p) ⊕ θ(q)

Therefore θ(pq) = θ(p) ⊕ θ(q).
Therefore θ is an isomorphism from G to Zn. Therefore G ∼= Zn. Q.E.D.
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